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Based on the singular structure analysis, we derive some new types of localized coherent
structures for the Bogoyavlenskii-Schiff equation by suitably utilizing the arbitrary
function present in the singular manifold equations.
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The Bogoyavlenskii-Schiff (BS) equation (Bogoyavlenskii, 1990; Schiff,
1992) is a (2 + 1)-dimensional nonlinear equation having the form

4uxt + 8uxuxy + 4uyuxx + uxxxy = 0. (1)

Recently, Toda et al. (1999) obtained the BS hierarchy of Eq. (1) by the recursion
operator. This hierarchy is reduced to the KdV hierarchy by setting y = x. In this
paper, we will derive some new types of localized coherent structures for the BS
equation (1). Truncating the Painlevé expansion of Eq. (1) at the constant level
term yields

u = ϕ−1u0 + u1, (2)

where ϕ ≡ ϕ(x, y, t) is the singular manifold. Substituting Eq. (2) into Eq. (1)
and equating the coefficients of like powers of ϕ, we obtain

u0 = ϕx, (3)

where ϕ satisfies the system of equations

4ϕtϕ
2
x + 4u1yϕ

3
x + 8u1xϕyϕ

2
x − 2ϕxϕxyϕxx

−ϕyϕ
2
xx + 2ϕ2

xϕxxy + 2ϕyϕxϕxxx = 0,
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−8ϕxϕxt − 16u1xϕxϕxy − 8u1xyϕ
2
x − 4ϕtϕxx

−12u1yϕxϕxx − 8u1xϕyϕxx − 4u1xxϕyϕx + 2ϕxxϕxxy (4)

−4ϕxϕxxxy − ϕyϕxxxx = 0,

8u1xyϕxx + 4u1xxϕxy + 4ϕxxt

+8u1xϕxxy + 4u1yϕxxx + ϕxxxxy = 0,

with u1 satisfying the original equation (1). And u1 is called the seminal solution
of Eq. (1). Eqs. (2), (3) and (4) constitute an auto-Bäcklund transformation of the
BS equation (1) in terms of the singular manifold. In order to obtain the exact
solution of Eq. (1), we take the seminal solution u1 = 0. Thus, Eq. (4) is simplified
into

4ϕtϕ
2
x − 2ϕxϕxyϕxx − ϕyϕ

2
xx + 2ϕ2

xϕxxy + 2ϕyϕxϕxxx = 0,

−8ϕxϕxt − 4ϕtϕxx + 2ϕxxϕxxy − 4ϕxϕxxxy − ϕyϕxxxx = 0, (5)

4ϕxxt + ϕxxxxy = 0,

which is called the singular manifold equations. It is found that Eq. (5) has the
variable separation solution of the form

ϕ = ex + g(4y − t), (6)

where g is an arbitrary function of indicated variable. Substituting Eqs. (3) and
(6) into (2) with u1 = 0, one obtains a functional separation solution of the BS
equation (1)

u = ex

ex + g(4y − t)
. (7)

It is easy to see that the BS equation (1) possesses some special types of
localized coherent structures for the following potential field

w ≡ uy = 4exg′(4y − t)

[ex + g(4y − t)]2
, (8)

rather than the physical field u itself. Thanks to the arbitrariness of the function
g, we may obtain some interesting localized coherent structures from Eq. (8) by
choosing appropriately the arbitrary function g. Several cases are considered in
what follows.



New Types of Localized Coherent Structures in the Bogoyavlenskii-Schiff Equation 1781

-4
-2

0
2

4
x -4

-2

0

2

4

y

0
0.25
0.5

0.75
1

w

-4
-2

0
2

4
x

Fig. 1. The structure graph of Eq. (9) at t = 0.

Case 1. One-solitoff structure

If we take g = e4y−t + 1, from Eq. (8) we have

w = − 4ex+4y−t

(ex + e4y−t + 1)2
, (9)

which is the one-solitoff structure for Eq. (1). Fig. 1 shows Eq. (9).

Case 2. Multi-solitoff structure

If one takes g = cosh(4y − t) + 1, then one obtains the two-solitoff structure

w = − 4ex sinh(4y − t)

(ex + cosh(4y − t) + 1)2
, (10)

which is shown in Fig. 2. Eq. (10) is a new type of solitoff structure, which is not
reported in the literature to our knowledge.

Case 3. Dromion structures

Now, we take g = sn(4y − t/m) + 2, where sn(ξ |m) is the Jacobi elliptic
function, m the moduli of the elliptic function, then from Eq. (8) we can obtain

w = −4excn(4y − t |m)dn(4y − t |m)

[ex + sn(4y − t |m) + 2]2
, (11)

which is the oscillating dromion structure of Eq. (1). And its typical spatial
structure is depicted in Fig. 3. As m → 1, it follows from Eq. (11) that

w = − 4exsech2(4y − t |m)

[ex + tanh(4y − t |m) + 2]2
, (12)
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Fig. 2. The structure graph of Eq. (10) at t = 0.

which is the one-dromion structure of Eq. (1). Figure 4 illustrates Eq. (12).
Eqs. (11) and (12) are new types of dromion structures, which are not reported
previously.

The dromion and solitoff structures are interesting localized coherent ones
(Boiti et al., 1988; Fokas and Santini, 1989; Hietarinta and Hirota, 1990; Gilson,
1992; Chow, 1996) in higher-dimensional nonlinear physical models. In this paper,
we have obtained some new types of dromion and solitoff structures, which are
quite different from the basic dromion and solitoff structures (Boiti et al., 1988;
Chow, 1996; Fokas and Santini, 1989; Gilson, 1992; Hietarinta and Hirota, 1990),
for the BS equation (1). It is worthy of mentioning that all these new solutions can
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Fig. 3. The structure graph of Eq. (11) at t = 0.
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Fig. 4. The structure graph of Eq. (12) at t = 0.

propagate stably. Whether Eq. (1) possesses other localized coherent structures is
worth studying further.
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